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Review: Data Science

* Physics

* Goal: discover the
underlying principle of the
world

e Solution: build the model of
the world from observations

mimsa
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e Data Science

* Goal: discover the
underlying principle of the
data

)
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e Solution: build the model of
the data from observations
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Data Science

* Mathematically

* Find joint data
distribution p(x)

e Then the conditional
distribution p(x2|z1)

e E.g., Gaussian distribution

e Multivariate

o~ (@—p) ' =7 (z—p)

p(x) = o)




A Simple Example in User Behavior Modeling

BBC Sports PubMed Bloomberg Spotify
Business

Finance Male
Sports Male 21 Yes No No Yes
Medicine  Female 32 No Yes No No
Music Female 25 No No No Yes
Medicine Male 40 Yes Yes Yes No

e Joint data distribution

 Conditional data distribution
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Key Problem of Data Science

* How to build the data model?

 Specifically, how to model the joint data
distribution p(z) ?

* For example, the data of temperature and people’s cloth

Hot Shirt 48%
Hot Coat 12%
Cold Shirt 8%

Cold Coat 32%



Data Probabilistic Modeling

Hot Shirt 48%
Hot Coat 12%
Cold Shirt 8%

Cold Coat 32%

* From the table, we can directly build a joint
distribution model
P(temperature=hot, cloth=shirt) = 48%
P(temperature=hot, cloth=coat) = 12%

P(temperature=cold, cloth=shirt) = 8%
P(temperature=cold, cloth=coat) = 32%

* to estimate and maintain 2x2 = 4 probabilities



Data Probabilistic Modeling

* What if we have a high dimensional data

Shirt Male Monday 2.4%
Hot Coat Female Friday 1.2%
Cold Shirt Female Sunday 3.8%
Cold Coat Male Thursday 3.1%

* Directly build a joint distribution model to estimate and maintain
2x2x2x7 = 56 probabilities
 Exponential complexity

 We should find a better way to model the data distribution



Domain Knowledge

Hot Shirt 48%
Hot Coat 12%
Cold Shirt 8%

Cold Coat 32%

* Build data dependency with domain knowledge
* People choose clothes according to the temperature
* Thus the cloth variable depends on the temperature variable

p(t, c) = p(t)p(c|t)

. P(cloth=shirt|temperature=hot) = 80%
P(temperature=hot) = 60% t "\ ¢ P(cloth=coat|temperature=hot) = 20%
P(temperature=cold) = 40% P(cloth=shirt|temperature=cold) = 20%
P(cloth=coat|temperature=cold) = 80%

temperature cloth



Graphical Model

* Graphical model is a methodology to formulate
such data dependency from any domain knowledge

* Bayesian network (directed graphs)
p(t, c) = p(t)p(clt)

O—0O

temperature cloth

* Markov network (undirected graphs)

(L)
p(t7 C) N Zt/ / €¢(t/acl)
,C

(D ()

temperature cloth




Content of This Lecture

* Bayes Networks (Directed Graphs)



A Simple Bayesian Network

* Consider an arbitrary joint distribution p(a, b, ¢)
* One may apply the product rule of probability

p(a,b,c) = p(cla,b)p(a,b)
Symmetrical — p(C|CL, b)p(b|a)p(a) Asymmetrical

w.r.t.a, bandc w.r.t.a, bandc

* One of the powerful aspects of graphical models is that a specific graph
can make probabilistic statements for a broad class of distributions

* We say this graph is fully connected if there is a link between every pair
of nodes



A More Complex Bayesian Network

e A 7-dimensional data distribution

p(x1, 2, T3, T4, T5, Te, T7) =
p(z1)p(z2)p(zs3)
p(z4lz1, T2, 23)p(T5|21, 23)
p(z6|Ta)p(7|T4, T5)

* For a graph with K nodes, the joint
distribution is

K * An important restriction:
__ directed acyclic graphs
p(x) = [] pleslpas) irected acycic gap
k=1

Parent nodes of x,



An ML Example

* For the trainingdata D = {(x;,%;)}

* We build a linear prediction model with observation

Gaussian noise
N

p(t,w) = p(w) | [ p(tilw)

1=1
Prior distribution
* More explicitly
p(wla) = N(wl|0, )

p(tilzi, w,0%) = N (tilw "2, 0°)
N

p(tv W|X7 «, 02) — p(W|G£) Hp(ti |377Z7 W, 02) An alternative, more compact,
i=1 representation of the graph




An ML Example

* For the trainingdata D = {(x;,%;)}

* We build a linear prediction model with observation

Gaussian noise S e
N
p(t,w) = p(w) | [ p(t:|w)
i=1
W
Prior distribution o? t,
* More explicitly \ N

p(wla) = N (wl0, ) , , y

p(ti|$i>“’702) :N(tz‘|WTfﬁi702) t 0740

N

p(t, wlx, @, 0%) = p(wla) | [ p(tilzi, w,0®) 1 /
1=1

An alternative, more compact,
representation of the graph



Posterior Distribution

* With {t_} observed, we can evaluate the posterior
distribution of coefficients w

p(w)p(t|w [ oz, )
p(t)
N
Posterior Hp t |W
distribution i=1 52 ——
ln
Prior Data . NJ

distribution likelihood



Maximum A Posteriori Estimation

 Maximum A Posteriori (MAP) estimation of the
model coefficients w

Ln (87
max p(w|t) = maxp(w,t) = max p(w)p(t|w)
W W W
N
p(W)p(t|W) :p(w|a)Hp(t7,|$7,7W70—2) ) w
i=1 om
N tn N
=./\/'(W\O,oz)H./\/'(ti\WTx, o?) - g

1=1

1 ( WTW> ﬂ 1 ( (t; — w X)2)
= exp [ — exp [ —
(2ma)d P 204 /L2 /2702 P 202

T N T

W' W t; — W x)?
—Z( )

— 90l 952 + const

log p(w)p(t|w) = .
zle

2
Equivalentto  min U—deHQ + Z(tZ — wa)2 i.e., ridge regression with square loss
oo i=1



Prediction on New Instance

* Given a new input value z, predict the corresponding
probability distribution for its label ¢

e Joint distribution of random variables

A

N
p(t, t, w|z, x,a,07%) = [Hp(tilxi,w,02)] p(wla)p(t|E, w,o?)
1=1

* Marginalize out the coefficients w

p(t,t|%,x, o, 0?)
p(t)
x p(t, t|&,x, o, 0%)

— /p(f,t,w|i',x,a,02)dw

p(f|:%,x,t, a,02) =




Conditional Independence

e Consider three variables a, b, and ¢

e Suppose that the conditional distribution of a, given b and c,
is such that it does not depend on the value of b

p(ald, ¢) = p(alc)
* We say that a is conditionally independent of b given ¢

* Aslightly different presentation

pla, blc) = p(alb, c)p(blc) c
= plalc)p(blc)

* A notation for conditional independence |
alldb|c



Conditional Independence in Graph

e Conditional independence properties of the joint
distribution can be read directly from the graph

 Example 1: tail-to-tail c
 With c unobserved
p(a,b, c) = p(alc)p(blc)p(c) a

Not conditional independence a 1 b | )

 With c observed

p(a,blc) = p(alc)p(blc) a

Conditional independence a |l b | C

o

o



Conditional Independence in Graph

* Example 2: head-to-tail
 With c unobserved

p(a, b, c) = pla)p(cla)p(blc)

Q
o

Not conditional independence a 1 b | )

* With c observed
p(a,b,c) )
(e O—@—O
_ pla)p(cla)p(ble)
p(c)
= p(ale)p(ble)

Conditional independence a I b | C

p(a, b‘c) —




Conditional Independence in Graph

* Example 3: head-to-head
* With c unobserved
p(a,b,c) = p(cla, b)p(a)p(b)
Marginalize both sides over ¢
p(a,b) = p(a)p(b)
Conditional independence a 1L b | ()
* With c observed

~ pla,b,c)
p(a,b|C) T p(c)

_ p(a)p(b)p(c|a,b)
p(c)

Not conditional independence a 1 b ‘ C

c-a

o



Understanding head-to-head Case

B F B F B F

G G

* Variables
* B: battery state, either charged (B=1) or flat (B=0)
* F: fuel tank state, either full of fuel (F=1) or empty (F=0)
* @G: electric fuel gauge, either full (G=1) or empty (G=0)

* (Conditional) probabilities

p(G=1B=1,F=1)=038

pB=1)=09 p(G=1B=1,F =0)=0.2
pF=1)=09 p(G=1B=0,F=1)=0.2

All remaining probabilities are determined by p(G=1B=0,F=0)=0.1

the requirement that probabilities sum to one



Understanding head-to-head Case

P m s s e S S B e S e S e E

B F B F

G G

* If we observe the fuel gauge reads empty, i.e., G=0

p(G=0)= > > p(G=0|B,F)p(B)p(F)= 0315
Be{0,1} Fe{0,1}

p(G=0F=0)= ) p(G=0|B,F=0)pB)=081
Be{0,1}

p(G = 0|F = 0)p(F = 0)

p(F =0|G =0) = (G = 0)

~ 0.257 > p(F = 0) = 0.1

Thus observing that the gauge reads empty makes it more likely that the
tank is indeed empty



Understanding head-to-

B F B F

G G

head Case

* If we observe the fuel gauge reads empty, i.e., G=0

p(G =0|F =0)p(F =0)

p(F =0|G =0) = (G =0)

p(G = 0|B = 0, F = 0)p(F = 0)
F = = B = =
PE=0G=0B=0=5 = (G =0B=0,F)pF)

~ 0.257 > p(F = 0) = 0.1

~0.111 > p(F = 0) = 0.1

* The probability that the tank is empty has decreased (from 0.257 to 0.111)
as a result of the observation of the state of the battery
* Explaining away: the battery is flat explains away the observation that the

fuel gauge reads empty



Understanding head-to-head Case

B F B F :
|
|
|
|

G G I

* If we observe the fuel gauge reads empty, i.e., G=0

p(G =0|F =0)p(F =0)

p(F =0|G =0) = (G =0)

~ 0.257 > p(F = 0) = 0.1

p(G = 0|B = 0, F = 0)p(F = 0)
F = = B = =
PE=0G=0B=0=5 = (G =0B=0,F)pF)

~0.111 > p(F = 0) = 0.1

* Note that the probability p(F=0|G=0,B=0) ~ 0.111 is greater than the prior
probability p(F=0)=0.1 because the observation that the fuel gauge reads
zero still provides some evidence in favor of an empty fuel tank.



D-separation

* Consider a general directed graph in which A, B, and C are
arbitrary nonintersecting sets of nodes.

* Any such path is said to be blocked if it includes a node such
that either

a) the arrows on the path meet either head-to-tail or tail-to-tail at
the node, and the node is in the set C, or

b) the arrows meet head-to-head at the node, and neither the
node, nor any of its descendants, is in the set C.

* If all paths are blocked, then A is said to be d-separated
from B by C, and the joint distribution over all of the
variables in the graph will satisfy

AL B|C



D-separation lllustration

a f
e b e b
C C
allb| f aub|c

* A B, Csatisfy A1LB | C if

a)

b)

the arrows on the path meet either head-to-tail or tail-to-tail at
the node, and the node is in the set C, or

the arrows meet head-to-head at the node, and neither the
node, nor any of its descendants, is in the set C.



Markov Blanket in Bayesian Network

* The Markov blanket of a node x; comprises the set of
parents, children and co-parents of the children.

* It has the property that the conditional distribution of x,,
conditioned on all the remaining variables in the graph, is
dependent only on the variables in the Markov blanket.




I.i.d. Cases

Independent identically distributed (i.i.d.) cases

e Goal: given x observed, infer u

p(p|D) o< p(p)p(D|p)

N
Hp zilp) ) e
=1

* If we integrate over u, the observations are in general non-
independent

p(D) = [ p(Dlwp du#prz

7

We may say these data instances are jointly distributed.



I.i.d. Cases

* Independent identically distributed (i.i.d.) cases )

* Goal: given x observed, infer u p

p(p|D) o< p(p)p(D|p)

N
Hp zilp) ) e
=1

* |f we condition on u and consider the joint distribution of
the observations
* Aunique path from x; to x;
* The path is tail-to-tail w.r.t. u
* Thus the path is blocked given u observed 4,

14

oooooooooooooo

e Data instances are independent conditioned on the model

TN



Naive Bayes Classification Model

e K-class classification

* The classes z are represented in 1-of-K encoding vector
* Multinomial prior p(z|u)
* U, is the prior probability of class C,

e Each data instance (e.g. a piece of text) is represented by a
d-dimensional vector x (each dimension as a word)

* The generation of x conditioned on z is p(x|z)
* The principle of naive Bayes is the conditional independence of x/’s

p(x|z) = Hp zj|z)
e Class label inference

p(z[x) o< p(x|z)p(z|p) )




Multinomial Naive Bayes

* Each class y is modeled as a histogram of words
* y=y(z) is the index of 1 in z

0y = (041,02, ...,04n)
* The parameter U, is estimated as

Y TN, + ad

* N, is the count of word i appears in any instance of class
y in the training set

* N, is the total count of all words for class y

p(Z|X) OCp(Z“,L) X‘Z Z‘/"’ Hey(z)z



Content of This Lecture

* Markov Networks (Undirected Graphs)



Markov Random Fields

 Undirected network, also called Markov network

 Compared to Bayes Network, it is more straightforward to
ascertain the conditional independence in Markov network:

* If all paths linking any nodes in A and B is blocked by the nodes in C,
then

Al B|C




Markov Blanket in Markov Network

* For an undirected graph, the Markov
blanket of a node x; consists of the set of
neighboring nodes.

* It has the property that the conditional
distribution of x;, conditioned on all the
remaining variables in the graph, is
dependent only on the variables in the
Markov blanket.



Conditional Independence in Markov Network

* Consider two nodes x; and x; that are not connected
by a link, then these variables must be conditionally
independent given all other nodes in the graph

(i, 251%\(i,5y) = P(@a|x\ (i 5y)P (@ 1%\ (i 5))
* The factorization of the joint distribution must

therefore be such that x; and x; do not appear in the
same factor



An Example of Cligues in Markov Networks

I1
X2

L3

=

* Cligue: a subset of the nodes in a graph in which the nodes
are fully connected

* A Markov network of four nodes {x,, x,, x5, X,}
* 5two-node cliques {x, x,}, {X,, X3}, {x3, X, }, {x5, x4}, {x1, X3}
* 2 maximal cliques {x,, X, X5}, {X5, X3, X}

* Note that {x,, x,, X3, x,} is not a clique



Joint Distribution Decomposition

* Define the factors in the decomposition of the joint

distribution to be functions of the variables in the cliques

* Let C denote a clique and the set of variables in it as x,
1 L1
p(x) = 1;[¢C(Xc)

Potential function

1
p(x) = §¢{2,3,4} (72,73, T4)Y(1,2,3y(T1, T2, T3)

X3

L2

)

* The quantity Z, also called the partition
function, is a normalization factor

Z=> 1]vckc)
x C



Joint Distribution Decomposition

* Define the factors in the decomposition of the joint
distribution to be functions of the variables in the cliques

* Let C denote a clique and the set of variables in it as x,
1 L1
p(x) = l;lwc(xc)

Potential function

* Potential function satisfies y¥¢(x¢c) > 0 to z3
ensure the probability is non-negative

L2

)

e Potential functions can be defined with
domain knowledge



Energy Function for Potential

* If we define the potential function to be strictly positive, i.e.,

Yo(xc) >0
* It is convenient to express the potential functions as exponentials

Yo(xc) = exp{—E(xc)}
* E(x.) is called an energy function

* With such an exponential representation, the distribution
p(x) is called Boltzmann distribution

P = [Tvetxc) - ~ exp{- > Blxe))



Boltzmann Distribution

* Boltzmann distribution is a probability distribution,
probability measure, or frequency distribution of particles in
a system over various possible states

o—E(s) /KT

p(s) = S c—E(s)/kT

s denotes a particular state

E(s) is the state energy

k =1.381x1023 J/K is Boltzmann constant
T is thermodynamic temperature

* Low-energy state is more stable, i.e., with higher probability



MRF Application Example: Image Denoising

Original
Image

Denoised
By ICM ..

Denoised
. By Graph-Cut




MRF Application Example: Image Denoising

Observed noisy image is described by an array of binary

pixel values
y; € {—1,41}, i =1,...,d runsoverall pixels

Suppose the ground-truth noise-free image
z; € {—1,4+1}, i=1,...,d

Noise generation: randomly flipping the sign of pixels with
some small probability, e.g., 10%

Model assumptions
* There is a strong correlation between x; and y,
* There is a strong correlation between neighboring pixels x; and x;



MRF for Image Denoising

 Model assumptions
* There is a strong correlation between x; and y;
* There is a strong correlation between neighboring pixels x; and x;

e Model

* For the cliques {x;, y.}
E({zi,yi}) = —nziyi

* For the cliques {X,'; Xj} yi’ ,
E({zi,z;}) = — Bz,

* Moreover, for each {x;}
E({xi}) = hz;

 Complete energy function




Solution: Iterated Conditional Modes (ICM)

* Objective
max p(X|y) = maxp(X,y) Giveny observed
X X

* |dea: coordinate-wise gradient ascent

* For each node X;, check which one of x=+1or-1 leads to
lower E(X,y)

* Implementation 6=1.0, n=2.1 and h=0
Yi
* Energy function , ,
E(XQ’)=hzl‘z’—5zxiiﬁj—ﬁzﬂ%yz‘ M
) 1,7 )

1

p(X, Y) — 2 eXp{—E(X, Y)}



MRF Application Example: Image Denoising

Original
Image

Denoised
By ICM ..

Denoised
. By Graph-Cut




Directed Graphs vs. Undirected Graphs

X1 W) TN-1 TN
I L2 ITN-1 TN

* Convert a directed graph to an undirected graph
* Directed graphical model

p(x) = p(z1)p(z2|T1)p(T3|T2) - - - P(TN|TN-1)

e Undirected graphical model

p(x) = %%,2(%1, T2)2 3(x2,23) - - YN_1,N(TN-1,ZN)



Directed Graphs vs. Undirected Graphs

T X3 X1 3

moralization

T2 L2

* Convert a directed graph to an undirected graph
* Directed graphical model

p(x) = p(z1)p(z2)p(x3)p(T4|T1, T2, T3)

e Undirected graphical model

1
p(x) = §¢1,2,3,4(£L’1, T2, T3, T4)

Moralization: marrying the parents



Directed Graphs vs. Undirected Graphs

* Although each directed graph can be converted into an
undirected graph

* One brute-force solution is to use a fully connected undirected
graph
* Directed and undirected graphs can express different
conditional independence properties

P: all possible distributions
D/U: distributions that can be represented
by directed/undirected graphs



Directed Graphs vs. Undirected Graphs

C
A B
A B
C

D
A directed graph whose An undirected graph whose
conditional independence conditional independence
properties cannot be properties cannot be
expressed using an expressed in terms of a
undirected graph over the directed graph over the same
same three variables variables
* Directed graph * Undirected graph

AL B|0 AU BI|0,CI D|AUB

AL B|C A1l B|CUD



Content of This Lecture

* Inferences in Graphical Models



Variable Inference and Parameter Estimation

e Random variable inference

* Infer the posterior distribution of
random variables given their prior
and the observed data

£

p(z|x) o p(z|p)p(x|z)

e Parameter estimation N

* Find the optimal parameter value
for an objective, e.g., minimum
loss or maximum likelihood

0 = arg mein L(D;0)

Tzikas, Dimitris G., Aristidis C. Likas, and Nikolaos P. Galatsanos. "The variational approximation for Bayesian
inference." IEEE Signal Processing Magazine 25.6 (2008): 131-146.



A Basic Case for Inference

90

 Joint distribution of two random variables x and y
p(z,y) = p(z)p(y|z)

* The marginal distribution of y

Zp p(ylz")

 The inverse conditional dlstrlbutlon

p(z)p(y|)

p(y)

p(zly) =



Inference on a Chain

X1 W) TN-1 TN
I L2 ITN-1 TN

e Joint distribution
1

p(x) = E%,Q(ﬂ?l, T2)2,3(22,23) - - YN_1,N(TN-1,TN)
e Discrete variable setting
* N nodes represent discrete variables each having K states
* Each potential function v,_1 n(zn—1, x,) comprises a KXK table
* Thus the joint distribution has (N-1)K? parameters



Calculate the Marginal Distribution

* Inference problem of finding the marginal distribution p(z,,)

R INPIPIRD DS

LIn—1 Tn+1l

* A brute-force solution
* Sum up KN values, introducing exponential complexity O(KN-1)

* An efficient dynamic programming solution
* Exploit the conditional independence properties

p(x) = %%,2(%1, T2)Y23(x2,23) - - YN_1,N(TN-1,ZN)

T T IN—-1 : TN

general sum-product algorithm ab + ac = a(b + ¢)



DP for Calculating Marginal Distribution

I 3?2/\ ITN-1 TN
O—0O— ~ —C0—0O
p(X) = %%,2(%1, $2)¢2,3($2, $3) e '¢N—1,N($N—1, TN)

e Conditional independence
* The potential ¥)n_1 n(zn—_1,2n) is the only one that depends on zy

NP IPIEDI L

Tn—1Tn+1

_ _S‘ S‘ S‘ Z@DI,Q (x1,22) - Yn-1,N(TN-1,TN)

Tn—1 Tn+1

= —7 Y Y dialan,ze) o N-1(TN—2,2N-1) Y UN-1N(TN-1,ZN)

Tn—1 Tn+1 TN-—1

general sum-product algorithm ab 4+ ac = a(b + ¢)



DP for Calculating Marginal Distribution

I 3?2/\ ITN-1 TN
O—0O— ~ —C0—0O
p(X) = %%,2(%1, $2)¢2,3($2, $3) e '¢N—1,N($N—1, TN)

Conditional independence
* The potential 11 2(x1,x2) is the only one the depends on x4

RPN ZP(X

Tn—1 Tn+1

= Ey: YN D unan(@EN-1,zN) - Yre(T, T2)

Tn+1l Tn—1

= %S: >y ...S:¢N_1’N(xN_1,xN)---wl,z(x1,x2)2¢1,2(331,332)

Tn+1l Tn—1




DP for Calculating Marginal Distribution

X1 L2 TN-1 TN

O—0— - =0

p(x) = %%,2(3&’1, T2)Y23(2,3) - YN—1,N(TN-1,ZN)

Conditional independence
* The potential 91 2(x1,22) is the only one that depends on 1

p(zn) = % Z Un—1,n(Tn-1,2n) - - [Z¢2,3($2,$3) [Z%,z(m,xz)“

Tn—1
pa(Tn)
E Unnt1(Tny Tnt1) [ E YN_1.N(TN— 1733N)]
xn—l—l
Mﬁ(xn)

Complexity O(NK?)



Interpretation: Message Passing

* Passing of local messages around on the graph

fo(Tn—1) to(Tn) s (n) 8 (Zny1)

— —> -— -
<x1>_ ..... 45 _>_<1 £>_<l n +>_1 ..... 49
p(zn) = % {Z Yn—1.0(Tn-1,Tn) - [sz,?,(@,xg) [Zwl,z(xl,x2>ﬂ ]
- xz o
) (@) ’
{Z ¥nnt1(Tn; Tnt1) [ZIDN 1N (TN-1, CE’N)] ]
—
) up(en) ’

plen) = halen)piolen)



Interpretation: Message Passing

* Passing of local messages around on the graph

fo(Tn—1) fra(Tn) o (Tn) 16 (Zry1)

X1 Ln—1 Tn Ln+1 TN
1
p(zn) = E,Uoz (xn)ﬂﬁ(xn)

* Message passes recursively

,U/Oz(xn) - Z wn—l,n(xn—l, xn) [ Z wn—2,n—1(xn—27 xn—l) Z e i|

Tn—1 Ln—2 Ln—3
— Z wn—l,n(xn—la xn)ﬂa(xn—l)
LTn—1

* With the start
po(T2) = Z¢1,2($1,$2)



Tree Graphical Models

Undirected tree Directed tree Directed polytree

* Undirected graph tree: graph in which there is one, and only one, path
between any pair of nodes

* Directed graph tree: there is a single node, called the root, which has no
parents, and all other nodes have one parent

* Thus the moralization step will not add any links
* Polytree: nodes in a directed graph that have more than one parent, but

there is still only one path (ignoring the direction of the arrows) between
any two nodes

* Before introducing inference algorithm, let’s discuss a general form: factor
graph



Factor Graphs

* Observations: Both directed and undirected graphs allow a
global function of several variables to be expressed as a
product of factors over subsets of those variables

e Factor graphs make this decomposition explicit by
introducing additional nodes for the factors

p(x) = H fs(Xs)

£ €I xr3

fa fb fc fd

Factor graphs are said to be bipartite



Factor Graphs

* Undirected graphs to factor graphs

I T2

T3
An undirected

graph with a single
cligue potential

VY (z1, 22, 23)

T M)

€3

A factor graph
representing the
same distribution
with factor

f(z1, 22, 23) = Y(x1, 22, T3)

i) W)
Ja
Jo
L3
Another factor graph

representing the
same distribution

fa(z1, 22, 23) fo (21, T2)

= (x1, T2, 23)



Factor Graphs

 Directed graphs to factor graphs

T ZIo

L3

A directed graph
with factorization

p(z1)p(x2)p(z3|T1, 22)

I o

xr3

A factor graph
representing the
same distribution
with factor

f(z1, 2, w3) =p(71)p(T2)
p(zs3|z1, x2)

Zq )

Je

fa fb

Z3

Another factor graph
representing the
same distribution

fa(z1) = p(z1)
fo(x2) = p(x2)

fe(z1, 22, 23) = p(x3|z1, z2)



Inference on a Tree: Sum-Product

* Consider the marginal of a particular variable x on the factor graph tree

p(z) = ZP(X) p(z) = H ZFs(ans)

x\x s€ne(x) Xs

* ne(x): set of neighbor factors of x

* X.:set of all variables in the subtree connected to the variable node x via
the factor node

* F(x, X,): the product of all the factors in the group associated with factor f,

Fy(z, X,)




Message Passing

* Consider the marginal of a particular variable x on the factor graph tree

p(x) = H ZFS(%XQ}
Xs

s€ne(x)

I
—
=
|

8
&

messages from the factor
nodes f, to the variable node x

Fy(z, X,)




Message Passing Iteration

* Denote {x,x,,...,x),} as the set of variables on which the factor f, depends,
then

Fs(anS) — fs(xaxh s wxM)Gl(xl)Xsl) T GM(xMaXSM)

Yt —z(T) :Z---Zfs(:c,xl,...,:cM) H ZGm(:cm,Xsm)]

méene(fs)\z LXsm
:Z"'Zfs(xaxla"'7xM) H Mwm—)fs(xm)
T T\ mene(fs)\z
T n

\#mthfS (mﬂ/f)

Fy(z, X,)




Message Passing Iteration

* Denote {x,x,,...,x,,} as the set of variables on which the
factor f, depends, then

Fs(ans) = fs(wyxla - 7$M)G1(5U17X31) " GM(CUMaXsM)

Gm(xmaXsm) — H ﬂ(xmaXml)
lene(xzm )\ fs

Y

L

\)u‘mMﬁfs (:B-M)




Two Types of Messages

* Messages from factor nodes to variable nodes

pf—a(T) = ZFS(anS)
Xs

Fs(z, Xs) = fo(z, 21, ..., 20)G1(21, Xs1) - - - Gpr(@ar, Xsmr)

F, is about one factor node

LM
* Messages from variable nodes to factor nodes

\/’iﬂ?Mﬁfs ($Mf)

Mz, — fo (xm) — Z Gm(xma Xsm)

Gm(xmaXsm) — H E(xmaXml) m
lEne(xm)\fS Gm(wmaXsm)

G, is about one variable x_, which could involves multiple factor nodes.



Two Types of Messages

* Relationships of two types of messages o

\H’:Chf_)fs (Q:M)

Xsm
= Z H F (xma Xml) Lm
Xsm lene(zm)\ fs G (T, Xsm)
(Tree structure) = H Z Fi(xm, Ximi) f
lene(zm)\ fs :
lene(xm )\ fs

Ji
ﬂ(xmuXml)



Start of Recursion

o (@) = 1 s (@) = f()

ﬂ?‘:_bf f—’:fﬂ

* Messages from variable nodes to factor nodes

/"l/mm_>f3 xm E G xm? Sm
Xsm

Gm(xmaXsm) = H E(xmaXml)
lene(zm )\ fs

* Messages from factor nodes to variable nodes

Bf—az(T) = ZFS(anS)
X

- Gar(xar, Xsmr)



Marginal of Variables of a Factor




An Example for Practice

Ty L2

* Unnormalized joint distribution ) m
OO0
p(x) = fa(®1,x2) fo(T2, 73) fe(T2, T4) N

* Designate node x; as the root, messages

lu’xl_>fa( ) o
:ufa—>£L'2 Zfa xlaxQ

pag fo (2 ) O—a—0O—m—O)
fa T fb

,Ufc—wg ch $2,$4 .fc

o (39) = f1s s (22) 11y (22) b

H fy—a3 (333) — Z fb(x27x3),u$2—>fb x4



An Example for Practice

I T2 I3

* Unnormalized joint distribution O
p(x) = fa(®1,x2) fo(T2, 73) fe(T2, T4)

* Messages from the root node out to
the leaf nodes O

fag—f,(23) = 1
Hfy—aa (22) Zfb T2, T3)

=
O
o
O

T2

- 4—/\4— -«— 3
o f, (T )—ufbﬁxg(m)ufﬁ@(wz) O ' \_/ z O

[hfy—ay (T2) = ; fa(21, 22) phzy— g, (72) 1. .
Hag—fo(T2) = Wi,y (T2) 1 f,— s (T2) b

ffo—za(Ta) = Z Je(@2, Ta) przy— 5. (%2) T



An Example for Practice

* Verify the marginal p(x,)

P(X2) = Uf—sao (T2) 1 fy—0 (T2) P fo—0 (T2)

— [Zfa(xth)] [Zfb(x%x?))] [ch(x27374)]
= Y ful@r, 22) fo(w2, 73) folwa, 74)

r1 I3 T4

=) > > i) xl r v
ek O—aO—a0

Consistent with

p(z) = p(x)
x\T O




Conditioned on Observed Variables

* Suppose we partition x into
* hidden variables h
» observed variables v = v

* For the calculation p(hlv=%)=> p(x)

* We just need to update p(x) as
L1 =5

* The sum-product algorithm is eff|C|ent



